We compare the results of kinetic Monte Carlo (KMC) simulations of a point-island model of irreversible nucleation and growth in four-dimensions with the corresponding mean-field (MF) rate equation predictions for the monomer density, island density, island-size distribution (ISD), and capture number distribution (CND) in order to determine the critical dimension d c for meanfield behavior. The asymptotic behavior is studied as a function of the fraction of occupied sites 
I. INTRODUCTION
Due to its broad technological importance a great deal of experimental [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and theoretical [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] effort has been carried out towards obtaining a better understanding of cluster nucleation in submonolayer epitaxial growth. In particular, the scaling properties of the island-size distribution N s (θ) (where N s is the number of islands of size s at coverage θ) have drawn much attention [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . In the pre-coalescence regime the island size distribution satisfies the scaling form [14, 15] ,
where S is the average island size, and the scaling function f (u) depends on the critical island size and island morphology [18] .
A standard approach to nucleation and growth is provided by the use of rate equations (RE) [11, 12, 31] . Such an approach has also been applied to a variety of other diffusionmediated processes including coagulation and chemical reactions [32] . For the case of irreversible growth, rate-equations valid in the pre-coalescence regime may be written in the
where R = D/F is the ratio of the monomer diffusion rate D to the (per site) deposition rate F , the terms with κ s correspond to direct impingement, and the capture numbers σ s (σ 1 ) correspond to the average capture rate of diffusing monomers by islands of size s (monomers). Using this approach and assuming scaling, Bartelt and Evans have shown [19] that in the asymptotic limit of infinite D/F , the scaled ISD is related to the scaled capture-number distribution (CND) as,
where C(s/S) = σ s /σ av is the scaled CND, z is the dynamical exponent describing the dependence of the average island size on coverage (S ∼ θ z ), and f (0) is determined by the normalization condition
The simplest possible assumption for the capture-number distribution (CND) is the meanfield (MF) assumption that the capture number is independent of island-size, i.e. σ s = σ av (θ) or C(u) = 1. Using Eq. 4, for the case of irreversible growth (z = 2/3) this leads to the MF prediction for the asymptotic scaled ISD, f M F (u) = (1/3)(1 − 2u/3) −1/2 for 0 < u < 3/2 which diverges at u This paper is organized as follows. In Sec. II we first describe our simulations. In Sec.
III we present our self-consistent MF rate-equation approach. In Section IV, we present a comparison between our self-consistent MF RE calculations and KMC results for the average island and monomer densities. We then present our KMC results for the ISD and CND along with a comparison with MF theory. Finally, we discuss and summarize our results in Section V.
II. MODEL AND SIMULATIONS
In order to study the scaling behavior of the ISD and CND in 4D, we have used a simple point-island model of irreversible nucleation and growth. Our model is a straightforward analog of the corresponding point-island model previously studied in two-dimensions [19] .
In our model, monomers are created at random sites on a 4D cubic lattice with rate F per site per unit time, and then hop randomly in each of the 8 nearest-neighbor directions with hopping rate D h . If a monomer lands on a site already occupied by another monomer or is created at such a site, then a dimer island is nucleated. Similarly, if a monomer lands on or is created at a site already occupied by an island then that monomer is captured by that island and the island size increases by 1. The key parameter in this model is the ratio R h = D h /F of the monomer hopping rate to the (per site) monomer creation rate, or
In order to study the asymptotic scaling behavior, we have carried out simulations over a range of values of R h ranging from 10 5 to 10 10 and with system sizes ranging from L = 40
to L = 100. Our results were typically averaged over 200 runs to obtain good statistics.
For each set of parameters the scaled ISD and CND were obtained for coverages ranging from θ = 0.1 to θ = 0.4, while the average island density N(θ) and monomer density N 1 (θ) were also measured. We note that in order to measure the capture-number distribution, the method outlined in Ref. 19 was used. In particular, the capture number σ s (θ) was calculated
s is the number of monomer capture events corresponding to an island of size s during a very small coverage interval (∆θ ≃ 0.001).
As in Ref. 19 the island size s at the beginning of the coverage interval was used when incrementing the counter n c s in order to obtain good statistics.
III. SELF-CONSISTENT RATE-EQUATION APPROACH
For the point-island model the island radius R s is independent of island-size s, i.e. R s = R 0 . Accordingly, within the MF RE approach the capture numbers are assumed to be independent of island-size s and may be written as σ s = σ. The coupled rate-equations for the average monomer density N 1 and island-density N (where N = ∞ s=2 N s ) may then be written,
In order to solve Eqs. (5) and (6), one has to obtain an expression for the capture numbers σ. As in Ref. 17 in which a self-consistent RE approach to 2D irreversible nucleation and growth is discussed, we consider a quasi-static diffusion equation for the monomer density n 1 (r, θ, φ) surrounding an island of size s of the form
where N 1 is the average monomer density and
Assuming spherical symmetry Eq. (7) may be written in 4D,
whereñ 1 (r) = n 1 (r) − N 1 . The general solution is given by,
where b 1 and b 2 are constants. Sinceñ 1 (r) → 0 as r → ∞, one has b 1 = 0 which implies that n 1 (r) ∼ 1 r ξK 1 (r/ξ). The irreversible growth boundary condition n 1 (R s ) = 0 then leads to
Equating the microscopic flux of atoms near the island
s is the surface area of a sphere of radius R s in 4D) to the corresponding macroscopic RE-like term DN 1 σ s , we obtain an equation for the capture number,
Since for the point-island model considered here R s = R 0 , the corresponding capture numbers may be written (1 − 2u/3) −1/2 [13, 18] corresponding to infinite D/F is also shown (dashed curve). As can be seen, the island-size distribution becomes sharper and the peak of the scaled ISD increases with increasing D/F , thus indicating a divergence in the asymptotic limit of infinite D/F . In contrast to the 3D case [33] , in 4D the KMC results are in very good agreement with the corresponding self-consistent MF RE results and approach the asymptotic MF prediction with increasing D/F . However, there is a small difference for large D/F between the peak values of about 3.3 % between the KMC results and MF RE predictions. While the origin of this small difference is not entirely clear, we speculate that it may be due to weak fluctuations during the very early stages of nucleation and growth.
In order to understand this difference, we have plotted in Fig. 4 the peak values of the scaled ISD obtained from both KMC simulations and RE calculations as a function of D/F .
As can be seen, in both cases the peak value f pk (D/F ) of the scaled ISD increases as a power-law with f pk ∼ (D/F ) φ , thus indicating a divergent ISD in the asymptotic limit. In addition, in contrast to our previous results in d = 3 [33] , the value of φ obtained from the 
V. DISCUSSION
In our previous study of irreversible nucleation and growth in 3D [33] , we found that due to the existence of (weak) correlations, the asymptotic scaled CND depends weakly on the island-size while the asymptotic scaled ISD also differs somewhat from the MF prediction. In particular, we found that the scaled ISD diverges more slowly than the MF prediction while the asymptotic divergence occurs at a value of the scaled island-size which is somewhat larger than the MF prediction. Based on these results we concluded that the critical dimension for mean-field behavior is higher than 3, and is possibly equal to 4. with the MF prediction. While there is a small discrepancy for large D/F between the peak height obtained in simulations and the MF RE prediction, we believe that this may be due to fluctuations in the early-stages of growth. This is supported by the fact that our KMC results indicate that at finite coverage the scaled CND approaches the mean-field result C(u) = 1 for 0 < u < 3/2 in the asymptotic limit of large D/F . Thus, we conclude that the critical dimension for irreversible nucleation and growth of point-islands is equal to 4.
Finally, we note that it would also be interesting to compare our results with those obtained for a more realistic extended island model in d = 4. For such a model, the corresponding explicit size-dependence of the capture number and direct impingement terms is likely to lead to modified scaling behavior for the ISD and CND. However, even in this case there should still be a significant range of coverage over which the point-island model is a good approximation. Accordingly, the scaled ISD is still expected to diverge in the asymptotic limit of large D/F . 
